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We show that non-local Popescu-Rohrlich correlations can be observed in the post-selected results 
of binned position measurements on a two-party gaussian state. Our experiment is based on the 
spatial correlations of entangled photons and lens systems. We obtain a maximum violation of the 
CHSH inequality of 3.42, which corresponds to the implementation of a non-local AND gate with 
success probability of 0.93. These results do not conflict with quantum mechanics due to the post- 
selection required, and open up the possibility of experimental investigation of fundamental aspects 
of Popescu-Rohrlich non-locality with a reliable and simple experimental setup. 



In 1965, John Bell showed that quantum mechanics ex- 
hibits non-local correlations which can be stronger than 
any classical correlation [1]. Classical correlations obey 
the CHSH inequality S < 2, where S is known as the Bell 
parameter ^(Sj. For certain quantum states, S can ex- 
ceed 2, while the maximum value obtainable is 2y/2, and 
is known as Tsirelson's bound [4]. Popescu and Rohrlich 
(PR) have proposed and investigated correlations that 
could lead to the maximum possible value of S* = 4 and 
therefore violate Tsirelson's bound. In their work, they 
have demonstrated that these PR correlations, produced 
by what are now known as PR boxes, are compatible with 
the causality imposed by special relativity, even though 
they are stronger than any known classical or quantum 
correlation [S]. 

The PR box relates Alice and Bob's respective input 
bits A and B with their respective output bits a and b 
according to the relation a (B b = A ■ B, where ® stands 
for addition modulo 2. This definition guarantees that 
a = b whenever either A or i? is zero, and that a ^ b 
whenever A — B ^ 1. Also required for the definition 
of the PR box are that (i) Alice and Bob's marginal dis- 
tributions are completely random: PA{a) ~ Psib) — 1/2 
for all A,B,a,b; and (ii) satisfy relativistic causality, i.e 
Pa,b{0') = Pa,b'{o,) for all A, B, B', a, etc[5]. These basic 
restrictions guarantee that it is impossible to communi- 
cate directly via the PR box. 

There has been much recent research focused around 
the identification of the properties of non-local correla- 
tions [BJ [71 IHl ini Cni [H] , and also in relating PR correla- 
tions to quantum entanglement [12L I13L I14j , and to quan- 
tum communication tasks [15] . There has also been some 
effort in the investigation of the computational power of 
PR correlations in the context of non-local computation 
dmn]. W. van Dam [U and G. Brassard et al. H in- 
vestigated the implications of the stronger-than-quantum 
non-locality in the field of communication complexity. 
W. van Dam showed that the correlations of the PR box 
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allow for the solution of a two part distributed Boolean 
function with only one bit of classical communication be- 
tween the parts. This implies that communication com- 
plexity would always be trivial if a physical system could 
present PR correlations. In [6] the authors analyze a 
probabilistic version of the PR box. They concluded 
that a PR box operating with a success probability up to 
90.8%, implies in non-trivial communication complexity. 
However, contrary to what could be expected, this limit 
does not coincide with Tsirelson's bound, since quantum 
mechanical correlations are equivalent to the implemen- 
tation of a probabilistic PR box with maximmum sucess 
probability, or fidelity, of 85.4%. For classical correla- 
tions the maximal fidelity is 75%. 

Even though PR boxes produce non-physical correla- 
tions, in the sense that they cannot be produced by clas- 
sical and quantum systems, probabilistic PR boxes can 
be simulated with high fidelities. Gisin has shown that lo- 
cal filtering of spin measurements can be used to surpass 
Tsirelson's bound, even in the case of classically corre- 
lated spin- 1/2 states [TH]. Marcovitch et al. have demon- 
strated that appropriately pre and post-selected ensem- 
bles of bipartite quantum states can exhibit stronger than 
quantum correlations [19]. Chen et. al [20] have sur- 
passed the Tsirelson's bound by appropriately redefining 
measurements on three party GHZ states [2T. 

Here we report an experiment which demonstrates 
high fidelity PR correlations in variable post-selected di- 
chotomic measurements, that are performed on a bipar- 
tite continuous- variable gaussian state. We surpass the 
non-trivial communication complexity limit, obtaining 
93% fidelity with respect to ideal PR correlations. We 
use twin pairs of photons produced in parametric down- 
conversion and perform measurements on the transverse 
spatial variables of the photons. This system is partic- 
ularly interesting for the study of non-local correlations. 
On the one hand, it presents genuine quantum correla- 
tions between the transverse variables of the photon pairs 
[m 1231 121] , demostrated through the violation of contin- 
uous variable separability and ERP-like correlation crite- 
ria [25l [26l [27] . On the other hand, because the quantum 
state of the photon pair can be approximately described 
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by a positive Wigner function, the non-local correlations 
can only be observed through the measurement of observ- 
ables with a particular Weyl-Wigner representation [25] , 
In the experiment reported here, we measure dichotomic 
spatial observables that are not of this type. However, we 
show that the PR correlations appear through a spatial 
filtering process. Moreover, we show that the strength of 
the PR correlations can be readily tuned. This manipu- 
lation of the correlations is a clear demonstration of how 
a detection loophole can be exploited to obtain a false 
violation in a Bell's inequality experiment. 

Consider a pure bipartite state with gaussian Wigner 
function W{xi,pi,X2,P2), where j = 1,2 and xj and pj 
refer to dimensionless position and momentum variables 
satisfying [xj,pk\ = ihSj^.- Rotations in phase space can 
be realized through local operations given by 
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(lb) 
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and dichotomic measurements can be made through the 
sign operator sgn{x^). The expectation value is [5BJI2S] 

(sgn(x?)sgn(if )) = JJ T^(ef,C|)sgn(x?)sgn(xf)dCrrfe2^ 

(2) 

where = (x^,p|). 

The spatial degrees of freedom of photons produced by 
spontaneous parametric down conversion (SPDC) can be 
described to good approximation by a gaussian Wigner 
function [30 . In the simplest case, the quantum state of 
the photon pair can be written as 



A dqidq2exp 
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where ^ is a normalization constant, qj — {s/h)pj (j=l,2) 
is the dimensionless transverse wave- vector of photon j 
and s is a constant with dimension of length [53]. For 
1/7^ = and nonzero A the state is separable, while for 
7^ = — > the state is a maximally entangled EPR 
state. Its Wigner function is given by a gaussian func- 
tion and can be used according to Eq. ([2| . The rotations 
described in Eqs. Q can be physically implemented for 
the transverse degrees of freedom of photons using optical 
lens systems designed to implement a fractional Fourier 
transform (FRFT) [lH [Ml [SI] • In this case, each down 
converted photon is emitted from the SPDC source, prop- 
agates through the FRFT system which implements a 
rotation with angles «(/?), and is detected in a position 
Xi{x2) of the detection plane. 

The probability of detecting photon 1 at position 
and photon 2 at position x^ is given by 



i?(x?,xf) = j Jw{C?,^^)dp1dpl 



(4) 



We are interested in the conditional detection probabil- 
ities, for two special cases. The first is when a = tt, 
corresponding to an imaging system for photon 1: 
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where the subindexes "tt" and of the conditional 
probability R refer to the phase-space rotations applied 
on the transverse coordinates of photons 1 and 2, respec- 
tively. 

The second case is when a = 7r/2, corresponding to a 
Fourier transform system for photon 1. In this case the 
detection probability is given by: 



R^,f,{x,,x2) = [AS'sin^ /? -f (7^ - A^)^ cos^ /3] x 
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Our experiment is designed to implement projections 
of the sign operators, after the phase space rotations 
through the FRFT systems. In practice this is done by 
collecting and detecting all photons falling on the upper 
(-I-) or lower (— ) half of the detection plane and block- 
ing the photons falling on the other half. To calculate 
the conditional probabilities that the signal photon is 
detected in the upper/lower half, conditioned to the de- 
tection of the idler in the upper/lower half, one should 
integrate the expressions given by Eqs. ([5| and ([6]): 

±C30 ±C30 

P„,3(±,±) = (±1)(±1) J J Ro.p{xi,X2)dxidx2, (7) 
ibr ibr 

where the parameter r defines a dark region in the detec- 
tion plane. 

The variable dependent post-selection is achieved by 
choosing r > 0, so that the photons which arrive in the 
region between — r and r are never detected. The Bell pa- 
rameter is defined as S — E{a, (3) + E{a' , (3) + E{a, (3') — 
E{a',P'), where E{a,(3) = Pa,/3(+,+) + Pa,/3(-,-) - 
Pa,f3{+,-) - Pa,f3{-,+)- Here"-^" and"-" refer to 
the upper and lower regions of the detection plane re- 
spectively. Figure [1] shows plots of E{7r,(3) and i?(§,/3) 
as function of /? for A = 5/4 and 7 = 3/4 and several 
values of r. For comparison, the black solid sine curve 
shows the results for a maximally entangled singlet state. 
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FIG. 1: (Color online) Correlation functions E{tt,P) (Red 
dashed curves) and E(jt/2,I3) (blue dotted curves) as a func- 
tion of P for r = 0.75, r = l,r = 2. Also shown are the sine 
curves (black solid curves) corresponding to the maximum 
value obtained by quantum mechanics without post-selection. 



TABLE I: Focal lengths / and distances z for optical FRFTs 
of order 9. 
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which produces the maximum possible quantum correla- 
tion. As r increases, the post-selected correlation func- 
tions approach those of a PR box [5] , which takes on the 
form of a square wave. Choosing /3 = 7r/4, /?' = 37r/4 and 
r > 1mm, the violation of the CHSH inequality exceeds 
the Tsirelson bound. 

Figure |2]shows the experimental setup. A 50mW diode 
laser (A ~ 405 nm) is first sent through a x3 beam ex- 
pander and is then used to pump a 5 mm long BBO crys- 
tal cut for type I phase matching, producing spatially 
entangled photon pairs by SPDC. The down-converted 
signal and idler photons are detected by single photon 
counting modules equipped with 10 nm FWHM interfer- 
ence filters centered around 810 nm. The state describing 
the spatial degrees of freedom of the photons is approx- 
imately described by Eq. ([3|. The phase space rota- 
tions ([l| are realized via the fractional Fourier transform 
(FRFT), which can be implemented with optical lens sys- 
tems 1211132]: a lens with focal length / placed sym- 
metrically at distance zg = 2/sin^(6'/2) from both the 
input and output plane realizes a 0-order FRFT, which 
corresponds to a rotation of angle 6 in the phase space 
composed of dimensionless position and wave vector co- 
ordinates. The lenses used in the optical FRFT systems 
were mounted on detachable mirror mounts so that they 
could be toggled in and out of the paths of the down- 
converted photons, while preserving the alignment. Ro- 
tations of approximately a = tt and a' = 7r/2 were imple- 
mented on the signal photon (Alice's side) and fi = bir/A 
and j3' = 37r/4 on the idler photon (Bob's side). Us- 
ing the additivity property of the FRFT [3T] , the a ~ tt 
and /3 « 57r/4 FRFTs were composed of two FRFTs, 
a = ai + a2 and (3 ~ (3i + (32, as shown in figure [2] The 
focal lengths and z-distances used are shown in tabic [ij 

We measured the coincidence counts for the four com- 
binations of rotations for three values of r. The joint 
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FIG. 2: (Color online) Experimental setup and measurement 
scheme. 

probabilities were calculated by normalizing the coinci- 
dence counts. Figure |3] shows the measured probabilities 
for r ~ 0.5mm. The marginal probability distributions 
for Alice or Bob can be obtained by summing up the rows 
or columns and dividing by two. For example, the figure 
shows that for Alice's measurement a the probabilities 
to obtain result and "— " are 0.503 and 0.497, re- 
spectively. All marginal probabilities are approximately 
equal to 1/2, thus fulfilling the no-signalling condition. 
Without post-selection (r = 0), no violation of the CHSH 




FIG. 3: (Color online) Probabilities for each measurement 
combination for r = 0.5mm. 
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TABLE II: Post-selected correlation functions for different 
values of r, along with value of Bell parameter S and success 
probability of a non-local AND gate. 





r 


Have 


E(a,P) E{a',p) E{a,P') E{a',(3') 


S 


-Pand 


0.1 


mm 


84% 


0.717 0.862 0.517 -0.743 


2.84 


0.85 


0.2 


mm 


74% 


0.721 0.899 0.580 -0.802 


3.00 


0.88 


0.5 


mm 


41% 


0.755 0.975 0.828 -0.860 


3.42 


0.93 



inequality is obtained. 

With r — 0.2mm, it was already possible to surpass 
Tsirelson's bound. By increasing r, a larger violation was 
obtained. Table |TT] summarizes the measurement results 
for r = 0.1mm, 0.2mm and 0.5mm. The largest violation 
obtained was about S = 3.42. Have expresses the average 
percentage of collected pairs in each configuration. 

As an application of our results we note that the exper- 
iment can be used to implement a non-local AND gate. 
By identifying Alice and Bob's rotations as bit values- 
say-a,/3 and a',/3' 1-the post-selected measure- 
ment results implement an AND gate, where the sum 
modulo 2 of the outcomes of Alice and Bob represent 
the output bit and we identify ("— ") measurement 
as the logical vaule (1). Negative values for the cor- 
relation function are obtained only when both Alice and 
Bob choose the rotation angles a' and (3', respectively. 
The success probability of the post-selected AND gate is 
given by Pand = i[Pa/3(+, +)+Pa/3(-, -)+Pa'/3(+, +)+ 



Pa'i3'{^,+)], and is also shown in table The highest 
success probability obtained is around 0.93. 

Through post-selection of a two-mode Gaussian state 
we were able to simulate non-local PR correlations. Post- 
selection allowed us not only to violate CHSH inequality, 
but also to surpass the Tsirelson's bound. The greater 
the violation of the CHSH inequality, the higher the fi- 
delity of the implementation of the PR box. We achieve 
a maximum fidelity of 93%. This fidelity is higher than 
the upper bound of 90.8% [7 , below which the commu- 
nication complexity is non-trivial and above which it is 
trivial. We have used the transverse degrees of freedom of 
twin photons, produced in parametric down-conversion, 
in a spatially binned configuration. However, these con- 
cepts can be easily extended to other continuous vari- 
able systems. We expect that these results will allow for 
the further experimental investigation of PR correlations 
and a wide variety of fundamental aspects of physics such 
as non-local computation |16j . the no-signaling theorem, 
distillation of correlations and communication complex- 
ity j33, ,34] • Our results are also a clear demostration 
of the importance played by any detection loophole in a 
legitimate test of Bell's inequality. 
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